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Abstract
With respect to a proper colouring of a graph G, we know that δ(G) ≤
χ(G) ≤ ∆(G) + 1. If distinct colours represent distinct technology types to
be located at vertices the question arises on how to place at least one of each
of k, 1 ≤ k < χ(G) technology types together with the minimum adjacency
between similar technology types. In an improper colouring an edge uv such
that c(u) = c(v) is called a bad edge. In this paper, we introduce the notion of
δ(k)-colouring which is a near proper colouring ofG with exactly 1 ≤ k < χ(G)
distinct colours which minimizes the number of bad edges.
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1 Introduction
For general notation and concepts in graphs and digraphs see [1, 2, 4]. Unless stated
otherwise, all graphs we consider in this paper are non-empty, finite, simple and
connected graphs.
A vertex colouring of a graph G is an assignment c : V (G) 7→ C, where C =
{c1, c2, c3, . . . , c`} is a set of distinct colours. A vertex colouring is said to be a
proper vertex colouring of G if no two distinct adjacent vertices have the same
colour. The chromatic number of G, denoted χ(G), is the minimum cardinality of a
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proper vertex colouring of G. We call such a colouring a χ-colouring or a chromatic
colouring of G. A chromatic colouring of G is denoted by ϕχ(G). Generally, a graph
G of order n is said to be k-colourable if χ(G) ≤ k. Unless mentioned otherwise,
a set of colours will mean a set of distinct colours. Generally, the set c(V (G)) is a
subset of C. A set {ci ∈ C : c(v) = ci for at least one v ∈ V (G)} is called a colour
class of the colouring of G. If C is a minimal proper colouring of G, we use the
term c(G) in this discussion instead of c(V (G)). Hence, c(G)⇒ C and |c(G)| = |C|.
The colouring of a subgraph induced by X ⊆ V (G) is denoted by c(〈X〉). Indexing
the vertices of a graph G by v1, v2, v3, . . . , vn or written as vi, i = 1, 2, 3, . . . , n, is
called minimum parameter indexing. In a similar manner, a minimum parameter
colouring of a graph G is a proper colouring of G which consists of the colours
ci; 1 ≤ i ≤ `, where ` is the chromatic number of G.
2 δ(k)-Colouring of Graphs
If the available number of distinct colours is less than the chromatic number of
G, then any colouring will be an improper colouring and this will result in the
formation of edges with end vertices of the the same colour. An edge uv such that
c(u) = c(v) is called a bad edge.
If distinct colours represent distinct technology types to be located at vertices,
then the question on the possibilities of placing at least one of each of technology
types on the vertices of a graph subject to the condition that minimum adjacency
between similar technology types occurs. The answer to the question is to maximize
properness of the colouring. Properness is measured by certain colouring rules as
per which, at most certain number of colour class are permitted to have adjacency
among their elements and hence the objective of these rules is to minimize the
number of bad edges resulting from an improper colouring. Hence, we can define
the following notions:
Definition 2.1. A near proper colouring is a colouring which minimises the number
of bad edges by restricting the number of colour classes that can have adjacency
among their own elements.
Definition 2.2. The δ(k)-colouring is a near proper colouring of G consisting of k
given colours, which minimizes the number of bad edges by permitting at most one
colour class to have adjacency among the vertices in it.
The number of bad edges which result from a δ(k)-colouring of G is denoted by,
bk(G).
The motivation for the number range of colours is that δ(k)-colouring has a
relation with k-defect colouring (see [3]). A trivial observation is that for a colouring
C = {c1} or for a colouring C ′ = {ci : 1 ≤ i ≤ k, k ≥ 2} and any colour cj ∈ C ′, a
defect colouring of graph G such that all edges are bad is easily possible through
a δ(1)-colouring. Also, if ct ∈ C ′, ct 6= c1, ct 6= cj is introduced to colour a vertex
v ∈ V (G) in the δ(1)-colouring, then dG(v) edges turn good in the resulting δ(2)-
colouring. Clearly, a δ(k)-colouring, 1 ≤ k < χ(G) exists. It follows easily that for
all path graphs Pn, n ≥ 2, a δ-colouring has k = 1 and all n − 1 edges are bad.
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Hence, b1(Pn) = n− 1. In fact the same result holds for all 2-colourable (bipartite)
graphs. Henceforth, the graphs G under further study will have, χ(G) ≥ 3 and
k ≥ 2.
Proposition 2.3. For odd n ≥ 3, the number of bad edges in a cycle Cn with respect
to a δ(k)-colouring is b2(Cn) = 1. Furthermore, there are 2n such δ
(2)-colourings.
Proof. Let n be odd and the vertices of a cycle graph be labeled successively as
v1, v2, v3, . . . , vn. Since χ(Cn) = 3, a δ
(2)-colouring is permissible. Begin with the
specific alternating colouring, c(v1) = c1, c(v2) = c2, c(v3) = c1, . . . , c(vn−1) = c2.
Clearly, c(vn) = c1 results in edge v1vn bad and c(vn) = c2 results in edge vn−1vn
bad. In both cases, b2(Cn) = 1.
The colouring of the vertex vn permitted two options. Similarly, the colouring
of vertices vi, 1 ≤ i ≤ n− 1 can alternate between c1 and c2. Therefore, there are
2n such δ(2)-colourings.
In [3], the k-defect polynomial for cycle graphs is given as φk(Cn;λ) =
(
n
k
)
[(λ−
1)n−k + (−1)(n−k)(λ − 1)]. In our context, k means number of colours and bk(Cn)
means number of bad edges. Hence, for n is odd and with the notational interchange
to λ = 2 and k = 1 we have, φ1(Cn; 2) = 2n. This corresponds with Proposition
2.3.
A wheel graph is a graph obtained by attaching one edge from each of the
vertices of a cycle to an external vertex. That is, Wn+1 = Cn + K1, n ≥ 3. The
cycle Cn in the wheel Wn+1 is called the rim of the wheel and the edges and vertices
of Cn are respectively called rim edges and rim vertices. The vertex corresponding
to K1 is called the central vertex, say v0 and the edges incident with the central
vertex are called spokes. The following theorem discusses the number of bad edges
in a wheel graph, with respect to δ(k)-colourings.
Proposition 2.4. For the wheel graph W1,n, n ≥ 3,
(i) b2(W1,n) =
n
2
if n is even. Furthermore, there are 4 ways of obtaining a δ(2)-
colouring.
(ii) b2(W1,n) = dn2 e if n is odd. Furthermore, there are 4n ways of obtaining a
δ(2)-colouring.
(iii) b3(W1,n) = 1 if n is odd. Furthermore, there are 3n ways of obtaining a δ
(3)-
colouring.
Proof. (i) It is known that χ(Cn) = 2 if n is even and there are 2 ways to obtain
a chromatic colouring of the rim Cn. For this partial colouring no bad edges result
which is an absolute minimum. The central vertex v0 can be coloured either c1 or c2.
It implies that exactly n
2
edges are bad. Since the rim can be coloured chromatically
in 2 ways and the central vertex can be coloured in 2 ways the wheel graph has 4
possible δ(2)-colourings.
(ii) From the proof of Part 1 of Proposition 2.3, it follows that the rim can be
coloured to result in a minimum of one bad edge. Clearly, if c(vn) = c1 the central
vertex must be coloured, c(v0) = c2 and vice versa. In both cases exactly dn2 e bad
edges result as a minimum. Therefore, the result follows. Since, 2-colourings of vn
are permitted to permute with 2 colourings of the vertices vi, 1 ≤ i ≤ n− 1 where
3
after the colour of v0 is prescribed and since the rim colourings may rotate through
the n rim vertices, a total of 4n distinct δ(2)-colourings exist.
(iii) The rim vertices v, 1 ≤ i ≤ n− 1 can be properly coloured with two colours
in
(
3
2
)
ways. The vertices v0, vn can be coloured with the third colour to result in 1
bad edge as a minimum. Hence, b3(W1,n) = 1. Since
(
3
2
)
= 3 and the rim colourings
may rotate through the n rim vertices, a total of 3n distinct δ(3)-colourings exist.
A helm graph H1,n is obtained from the wheel graph W1,n by adding a pendant
vertex ui to each rim-vertex vi, 1 ≤ i ≤ n. The number of bad edges in a helm
graph is determined in the following theorem.
Proposition 2.5. For helm graphs, H1,n, n ≥ 3,
(i) b2(H1,n) =
n
2
if n is even. Furthermore, there are 4 ways of obtaining a δ(2)-
colouring.
(ii) b2(H1,n) = dn2 e if n is odd. Furthermore, there are 4n ways of obtaining a
δ(2)-colouring.
(iii) b3(W1,n) = 1 if n is odd. Furthermore, there are 3n · 2n ways of obtaining a
δ(3)-colouring.
Proof. The proof of (i), (ii) and the first part of (iii) follow by similar reasoning
used in the proof of Proposition 2.4. The second part of (iii) can be proved as
follows. For the wheel subgraph of H1,n, the result of Proposition 2.4(iii) holds.
Since each pendant vertex can be coloured properly in two ways without resulting
in additional bad edges, the pendant vertices can independently be coloured in 2n
ways for each colouring of the wheel subgraph. Therefore, the result follows.
Theorem 2.6. For 1 ≤ k < χ(G), a graph G will have a subgraph H with maximum
vertices such that χ(H) = k.
Proof. Consider a δ(k)-colouring of a graph G which always exists. Let E ′ = {ei :
eiis a bad edge}. Clearly, |E ′| = bk(G). Now, select a minimum set of vertices, say
S, such that each bad edge is incident with a vertex in S. Such a set S always
exists. Then, χ(H) = χ(〈V (G) − S〉) = k. Also, because |S| is a minimum, it
follows that H ⊆ G and |V (H)| is a maximum.
In context of cycle related graphs, a complete graph Kn, n ≥ 4 is a graph
obtained from Cn with all possible distinct chords added. For graphs with relative
large chromatic numbers, it is important to recall the δ(k)-colouring rule (that is,
the condition that at most one colour class is permitted adjacency). Hence, we have
Theorem 2.7. For a complete graph Kn, the value bk(Kn) =
x(x+1)
2
, x = 1, 2, 3, . . . n−
2, k = n− x. Furthermore, there are (n− x)( n
x+1
) · [n− (x+ 1)]! distinct colourings
corresponding to bk(Kn).
Proof. Part 1: It is known that χ(Kn) = n. For k = n − 1, the colour of vi, 1 ≤
i ≤ n − 1 can be given by c(vi) = ci and c(vn) = cn−1. The minimum number of
bad edges in this case is 1 and the only bad edge is vn−1vn. Hence, b∗n−1(Kn) =
bn−1(Kn) = 1. Also,
1(1+1)
2
= 1. Also, any edge vivj ∼= K2. Since any subset of
vertices
(
n
t
)
, 2 ≤ t ≤ n − 1 induces a complete graph, the number of bad edges
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can only be 1, 3, 6, 10, 15, . . . , (n−1)(n−2)
2
. It is easy to derive that the number of bad
edges corresponds to the sequence, bk(Kn) =
x(x+1)
2
, x = 1, 2, 3, . . . n− 2, k = n−x.
Part 2: If 2 ≤ t ≤ n − 1, the vertices of a complete graph Kn have the same
colour, say ci, then the corresponding clique Kt has c(Kt) = ci. Hence,
t(t−1)
2
bad
edges exist. It follows that for x = 1, 2, 3, . . . n − 2 and k = n − x, exactly ( n
x+1
)
distinct cliques of order x + 1 exist. Hence, (n− x)( n
x+1
) · [n− (x + 1)]! colourings
exist each of which, permits exactly, bk(Kn) =
x(x+1)
2
bad edges.
In the context of cycle related graphs, a complete graph Kn, n ≥ 4 is a graph
obtained from Cn with all possible distinct chords added. For graphs with relative
large chromatic numbers such as complete graphs it is important to recall the δ(k)-
colouring rule (that at most one colour class is permitted adjacency).
In [3], it is claimed that at the time of writing only two explicit expressions
of k-defect polynomials are known (for trees and cycle graphs). We add an initial
result for determining bk(Kn).
Theorem 2.8. For complete graphs Kn and C = {ci : 1 ≤ i ≤ λ} be a set of λ
distinct colours and for x = 1, 2, 3, . . . n− 2 and k = n− x, over all colour subsets,(
λ
k
)
we have, φk(Kn;λ) =
(
n
n−k+1
)
λ(k).
Proof. The result is a direct consequence of the proof of Theorem 2.7. That is,
φk(Kn;λ) =
(
λ
k
) · (n − x)( n
x+1
) · [n − (x + 1)]! = k! · ( n
n−k+1
)(
λ
k
)
=
(
n
n−k+1
)
λ!
(λ−k)! =(
n
n−k+1
)
λ(k).
Remark 1. λ(k) = λ(λ− 1)(λ− 2) · · · (λ− k + 1), the falling factorial.
It is easy to see that for a graph G, bk(G) ≥ bk+1(G). The elementary graph
operation between two graphs which does not add new edges is the disjoint union
of graphs. Since χ(G ∪H) = max{χ(G), χ(H)}, assume without loss of generality
that χ(G) ≤ χ(H). Let C = {ci : 1 ≤ i ≤ χ(G)− 1}, t ≤ |C| and C ′ = {cj : 1 ≤ j ≤
χ(H) − 1}, k ≤ |C ′| then, C ⊆ C ′. Furthermore, let t = k if and only if k ≤ |C|. It
follows that, bk(G ∪H) ≤ bt(G) + bk(H).
The elementary graph operation which results in a maximum number of new
edges between a copy of both graphs G, H is the join of graphs. It is known that,
χ(G+H) = χ(G) + χ(H). The number of times a colour ci is allocated to vertices
of a graph G is denoted by θG(ci). This brings the next result.
Theorem 2.9. For graphs G and H with χ(G) ≤ χ(H), C = {ci : 1 ≤ i ≤
χ(G)− 1}, t ≤ |C| and C ′ = {cj : 1 ≤ j ≤ χ(G+H)− 1}, k ≤ |C ′| and t = k if and
only if k ≤ |C|, it follows that bk(G+H) ≤ bt(G) + bk(H) +
k∑
i=1
θG(ci)θH(ci).
Proof. From the definitions of C and C ′, the terms bt(G) and bk(H) follow immedi-
ately. For θG(ci), θH(ci) the definition of the join between G and H implies that
exactly θG(ci)θH(ci) bad edges vu, v ∈ V (G), u ∈ V (H) exist in G + H. Since the
minimum number of bad edges of G and H may result from different number of
times each colour is allocated the products found in the sum term are not neces-
sarily constants. Therefore, the ≤-inequality follows in terms of the definition of a
δ(k)-colouring.
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Note that in Theorem 2.9, it is implied that t = |C| if and only if k ≥ |C|. If
the colours to be used to colour V (G) in G + H are extended to set C ′, it follows
that bk(G + H) ≤ bk(G) + bk(H) + min(
k∑
i=1
θG(ci)θH(ci)).︸ ︷︷ ︸
(over all δ(k)−colourings of G and H respectively.)
This
inequality is illustrated with K3 +K3.
First for equality and then for the relaxed colour set C ′ = {c1, c2, c3, c4, c5}. Let
the vertices be v1, v2, v3 and u1, u2, u3 respectively. For the δ
(2)-colouring c(v1) = c1,
c(v2) = c1, c(v3) = c2 and c(u1) = c2, c(u2) = c1, c(u3) = c2 we have, b2(K3 +K3) =
1 + 1 + (2× 1) + (1× 2) = 6. For c(v1) = c2, c(v2) = c2, c(v3) = c1 and c(u1) = c2,
c(u2) = c1, c(u3) = c2 we have, b2(K3 + K3) = 1 + 1 + (1 × 1) + (2 × 2) = 7. The
minimum number of bad edges holds.
For the colouring c(v1) = c1, c(v2) = c2, c(v3) = c3 and c(u1) = c4, c(u2) = c5,
c(u3) = c5 we have, b5(K3 +K3) = 0 + 1 + 0 < 1 + 1 + 0.
For graphs G and H it is known that for the corona operation:
χ(G ◦H) =

χ(G) + 1, if χ(G) = χ(H),
χ(G), if χ(G) > χ(H),
χ(H) + 1, if χ(G) < χ(H).
From the above different ranges for 1 ≤ k < χ(G ◦ H) are possible. For some
δ(k)-colouring of graph H there will always exists a colour class in respect of say,
ci such that θ
∗
H(ci) is an absolute minimum over all δ
(k)-colourings of H over all,
θH(cj). Utilising the result of Theorem 2.9, the result for the corona operation can
be derived.
Theorem 2.10. For graphs G of order n, V (G) = {vi : 1 ≤ i ≤ n} and n copies
Hi, 1 ≤ i ≤ n and C = {ci : 1 ≤ i ≤ χ(G) − 1}, t ≤ |C| and C ′ = {cj : 1 ≤
j ≤ χ(G ◦ H) − 1}, k ≤ |C ′| and t = k if and only if k ≤ |C|, it follows that
bk(G ◦H) = bt(G) + bk(H) +
n∑
i=1
θ∗H(cj)c(vi)=cj .
Proof. The result is a direct consequence of Theorem 2.9.
For the colouring of V (G) the relaxed colour set C ′ can be used to obtain,
bk(G ◦H) = bk(G) + bk(H) +
n∑
i=1
θ∗H(cj)c(vi)=cj .
3 Conclusion
In [3], the k-defect polynomial of a graph G is defined as the polynomial which
determines the number of λ-colourings which result in k bad edges. Clearly, the
notion of δ(k)-colouring is a derivative of k-defect colouring. The critical difference is
that for a δ(k)-colouring the number of colours, denoted by k, is prescribed and the
condition of a minimum number of bad edges resulting from the k-colouring is set.
In the k-defect polynomial, the number of colours denoted by λ and the number of
bad edges, denoted by k, are prescribed. The notational interchange is easy to do.
6
Theorem 2.7 and Theorem 2.8 provide the first such relations because the number of
bad edges is implied by the fact that the induced subgraph of any subset of vertices
of a complete graph is itself, complete. Studying the relation between δ(k)-colouring
and k-defect polynomials for graphs in general remains open. Graphs with large
δ(G) motivates the introduction and the study of the notion of the δ(k)-polynomial
of a graph.
It can easily be observed that if we permit more than one colour class to have
adjacency, then the number of bad edges can be reduced. This observation applies
well to cliques in graphs. In fact, if the upper bound is relaxed to be 1 ≤ k ≤ χ(G),
then for k = χ(G), it is implied that bk(G) = 0. It is suggested that this derivative
δ(k)-colouring is a worthy research avenue.
Finding an algorithm to determine the minimum term in the result of Theorem
2.9 remains open as well. Determining θ∗H(ci) required in Theorem 2.10 remains
open as well.
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